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1. Introduction
1.1 Introduction (conclusion)
Research was conducted on 4-dimensional complex space and beautiful formulas were obtained, but examples of
practical applications have not been found.
1.2 Introduction (interpretation of complex numbers)

In“Astudy of e™,e'” =—17, it was explained that e'” =—1 can be translated
into words as follows: “on the unit circle in the complex plane, the coordinate when 18] i
the argument is m is —1.” By multiplying by the complex number i, the values
change as follows: 1 —i — —1— —i — 1. This transformation corresponds to

. . T . . . ! .
the action of adding an argument of —, so it can also be interpreted as a rotation 77} 0 1
2 /

group. Extending this, we consider the rotation group generated by the complex
number [ and the rotation group generated by the complex number j . The el -

compositionof i -rotationand j -rotationis called ij -rotation. Changing the order
of composition, we let “i -rotation and j -rotation = j -rotation and i -rotation”.
Based on this assumption, we construct a space and operations.

2. Content of study

(Definition of complex space)
Let Z,',Zj each be represented in complex formas Z; = Q; +,Bii,Zj =a; +ﬂjj (al-,ﬁi,aj,ﬂj € R).

Assume i° =—1, % =—1. (l])2 =1

27, =(a,+Bi)(a,+Bj) =aa,+a,i+ap,j+ BB

Write Z,Z,=Z =a+bi+cj+dij(a,b,c,d ER).

Due to the assumption that “7 -rotation and j -rotation = j -rotation and i -rotation,” the equation ij = ji holds.

When the representation Z = a+bi+cj +dij (a,b,c,d € R) is adopted, the result is 4-dimensional complex

space.

(Definition of operations)
For Z,=a,+bi+c j+djj and Z,=a,+bji+c,j+d,ij, (a,b.c.d,a,,b,c,,d, €R),
(Addition, subtraction, and multiplication)
Zi=Zy =(a tax)+ (b £by)i +(cy £e3)j+(dy £y )if
ZyxZy =(aay —byby —cicy +dydy ) +(aby +biay —cidy —dicy )i
+(acy —bydy +eay —diby)j +(aydy +bicy +eiby +dyay )i
The above define addition, subtraction, and multiplication. Note that Z; xZ, =0 when any of the following
conditions are satisfied:
Condition 1 (al =—d,,b = Cl), Condition 2 (al =d,,b = —cl),



Condition 3 (a2 =—d,,b, =c, ) , Condition 4 (a2 =d,,b, = —02) .

(Zero factors)

Any number Z satisfying a =—d,b=c or a=d,b=—c hasthe same properties as 0.
We use the notation Q, = {Z A =(a,b,c,d),a =—d,b=cora=d,b= —c} )
(Division)

é_ ap +b2i+C2j+d2ij

Zl a1+b1i+clj+d1ij

Division is defined as above. However, division is not valid when Z, € o -

(Three basic laws for operations)
The commutative law, associative law, and distributive law all hold.

(Representing complex numbers as products)
If Z#0,with &;,f,0;,B;,%;,B; €R,and a,20,a, >0,
it can be represented as a product of 1, j,ij :
Z =a+bi+cj+dij =(a; + Bile, + B ey + Byif)
Furthermore, the following relationships are satisfied:

2 2 2 2 2 2 2 2 2 2
a +b +c +d :(ai + B, )(aj +5; )(% +5; )
b —cr—d? :(aiz +ﬂi2)(aj2 _ﬂjz)(aﬁz _ﬂijz)
a-b+c-d* =(a’ - ) (e +B) (] - B))

B

“ij‘ 2 ‘ﬂu

(Absolute value)
For Z =a+bi +cj+dij, the absolute values |Z

VA ” are defined as:

M

Z|=Na? +b* ++d? |z ={(a—d) +(b+c) Y(a+d) +(b—c)

If Zy=ay+bji+cyj+dyij and Zy =ay+byi+cyj+daij,then ||Z,Z,|=|Z]||Z,] holas,
but |Z,Z,|=|Z)||Z,| does not generally hold.
Alternate expression for indicating absolute value ||Z]|:
12 = 4l(a+bi+cj+dij)(a+bi—cj—dij ) (a—bi+cj—dif) (a—bi—cj +dif)
= \/O‘iz +5 \/a.f2 +B; \/%’2 -By

(Polar coordinate representation)
This becomes:

a+pi o +BJ ot B
\/ai2+16;iz \/aj2+,3j2 \/aijz_ﬂijz

Therefore, if a=d,b=—c or a=-d,b=c does not hold, i.e., if Z is not a zero element, then there exist

z=|z|

6;,0 > (91-]- satisfying the following conditions:

Z =|Z|(cos 6, +isint9i)(cos 0;+jsin 6?]> (COSh 0, +ijsinh Q/)

0<0 <27,-2<0 <X —0<h <
i 2 J 2 y



i6’i+j€j+zj91j

The expression Z = ”Z ” e is also possible. Furthermore, 6,6,,6; can be determined uniquely.

(Finding ai,ﬁi,aj,ﬂj,al-j,ﬂ,j and 91,9],61] from a,b,c,d)
For Z:a+bz'+cj+dij :(a+ﬂl)(a+ﬂ]]1alj +ﬂljl])

cosH—” ”\/a +B; )( a;” = By ) \/_”Z”\/” || va—b*+c?—4d?

sinf), = == a.2+ .2 a’-pB7) =+ Z| -a* +b* - +d’
! ”Z”\/ J ﬂf (U 'BIJ) \/EHZ”\/” ”

cost, = ”O;—j”\/(al.z +/3iz)(ay.2 —@/2) :m\/nan +a*+b -t -d’

. _& 2 2 2 po2 IEE 2
smﬁj—”Z”\/(ai +p )(ai/. B, ) \/_”Z” \/|| Z| —a* b+ +d

cosh§, = 2+ pBr) = az+bz+c2+alz+||Z||2
a2 +7) =

1 2

sinh 6, = a, +,B ‘+ B == a+b*+c’+d’ | Z|
o )= T

It a; +:Bj =1al.j2—ﬂij2=1 then

4=_[¢||z|| ra b+t —d? = iT\/”Z” —d b -+ d’
If a; +ﬂi Zlﬂaij _ﬂlj =1, then

=%\/||Z||2+a2+b2—cz—d2 B =+ TJ"Z” 2p 4 d’

@ +0 + +d” +||Z|[ LB, = a+b v d—|z|

1 1
ZE\/ iﬁ\/

1 ay+p, 1, (a+d)+(b-c) 1 Iz 1 (a+d) +(b-c)

6, =—log—/————= =—log =—log
2 Ta-p 2 Iz 2 T(a-d)+(b+c) 4 (a-d) +(b+c)

(Polar coordinate representation No. 2)

Since a’+b*+c* +d’ = (cx + 7 )(ajz +ﬂj2)(al.j2 +,Bl.j2),
a+pi a+BJ B

\/05[2 +IBi2 \/Olj2 +,Bj2 \/aijz +,3,~j2

There exist @,,@;,; satisfying the above conditions:

if Z#0,then Z=|Z|

zZ =|Z|(cosg0l~ +isin¢i)(cosgpj +jsin(pj>(cosgol~j +ijsin(0,-j)

V4 T T V4
0<p <2m,——<@p.<—,——<@. <—
goz 2 (Dj 2 4 ¢U 4

The following expression is possible:



Z=|Z|ez¢,+]‘/’j (COS¢7Z'J' +U51n(0ij) :\/5|Z|el(/’+ﬂ’] COS((DU _ZUJ

cosgol—_\/_|z|\/||Z|| va?-b* vt —d?
sing, = _\/_|Z|\/||Z|| —a’+b’ -’ +d’
059, :sznz rat b —ct —d?

sing; = \/||Z||2—a2—b2+c2+d2

J_IZI

J@ +b ++d” +|Z[

oS Q.. =
i W

2

ing, = Jat +0 v d? -]
f 22|

(Function definitions)

Functions are defined as Z =z, +Zii+ij+Zzy'ij(ZR’Zi’Zj’Zy‘ ER) , but when division is involved, the

condition Z ¢ O, isnecessary.
(Polynomial)
Fora variable Z =Zp +2z;i+ ij + lel] and constants 4, =ap, +a,i+ ajkj + a,.jkij(O <k<n),

W=Ady+ A4 Z+ Ay 7% +--+4,7" = P(Z)

(Rational)
P(z)
Let P(Z),0(Z) be polynomials. A rational functionis W = IZ)
(Exponential)
2 3
=1+ Z+"—+ "+
131
(Trigonometric)
Z3 ZS ZZ Z4 26 .
sinZ=Z-"—+5— - cosZ=1-"—4+Z -2 4. fanz =07
RY 21 4! 6! cosZ
(Hyperbolic)
sinh Z = l(eZ —e? ), coshZ = l(eZ +e_Z),tanhZ = sinh Z
2 2 coshZ
(Complex differentiation)
(Definition)
For ZO =ZRo +Zl-0i+Zj0j+Zl-J~0ij,ZO & OZ,Z =ZR +Zii+ij+Zl'j'ij,Z & OZ , the definition is:
F(Z)-F(Z)

(Properties of differentiation)

(F2)+6(z)) = F(2)+0(2)

(F(2)-6(2)) = F(2)-6(2)+F(2)-6'(2)



(F Z J (2)-G(z)-F(2)-G'(2)

Glz (G(2)y°
aw dw d
w=[(2).z=G6U)= dZ:d_VZVﬁ

(Cauchy-Riemann relationships)
When Z =zp+zji+z;j+z;ij corresponds to W =wp+wi+w;j+w;ij, due to the function F', we

have W =F (Z ) Assume that each element (w Wi, W J’Wl]) of point W can be expressed with functions

fR,ﬁ,fj,ﬂj of ZR,Zi,Zj,Z".Tha‘[ is, let

WR:fR(ZRaZiaZ ) f,(ZR,Z zj le) fj(zR,z z],z,j) w,]-:f,j(zR,z Zj,2jj )Then
oF o o, O Wy [F_ e Uk,

oz aZR aZR ]aZR J@zR oz aZR aZl' 821 621]

oF _Y e, Yy ;Y F _Yiy % ;%9

oz 82- azl. azl. azl. o0z 0Oz i Oz R 0z ij 0z Jj

oF _Y; 5ﬁj_.8fR_l..8ﬁ a_F_afj_iﬁfj+.8fj l@

oz e, a; Ta Ve oz oz oz Taeg oy

OF _ 9 _l.af i of; +l,j8fR oF afy afij afy %

0Z 0z Oz ~ Oz Oz oz 62 62 j 6l 82 R
(Jacobian)

Suppose that a small region A 7 incomplex space Z is mapped to a small region AW in complex space W by
W=F (Z ) . If functions fp,f;, [ s fij are differentiable with respect to ZzZg,Z;,Z

Ay _ Aot i )) holds.
ij

j2Zij s then:

lim

A, 8(ZR,Z Z},2j

i0:+0,;+1j0;

When Z :||Z||(cos o, +isin6’l~)(cos 0; + jsin Hj)(cosh 6, +ijsinh 491]) =||Z|| V", the Jacobian is

s e

When Z :|Z|(cosqol~ +isin(pi)(cosg0j +jsin(pj->(cosgpij +ijsing0;~]-) =|Z|€i(pi+j(pj (COS(DZ'] +ljsm¢,~j) >
the Jacobian is oz = |Z |3 cos2¢,
(12].0.0,.9,)

(Sample application: Volume of a 4-dimensional sphere)
v=|[ dz

[ZI<R

27
J-_, J._,J‘ '[0 6 V 005 Py

- Tfﬁ Eﬁ _[0 " cos 20, dpde,dy,
4 2

) drdpde do; = '[‘ZZ Jé IOM IOR r’ cos 2¢,drdpde do;



TR (% 2
== '[—42 _[_2;; cos2¢,do,dy,
2p4 7
TR 7
== I_“Z cos 2¢,d g,

= 7[24 ' [sin 20, ]%,,

4
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