Addition, subtraction, multiplication, and division of algebraic equations

I hit upon the following method of calculation during my sophomore year of college when | was
working on the representation of algebraic equations. When | taught this method to first-year
students at a senior high school where | was working as a trainee teacher during my senior year of

college, they were impressed, and today, this method appears to be widely used.
Let us carry out the following calculations by using this method.

(X =3)2X + D)(X?+3X +1)=?
(XB+4X°—X*=5X3+ 2X?=3X = 2)/(X? +2X —2) = ?

Solution
1 -3
* 2 1
1 -3
2 -f
2 -5 -3
2 -5 -3
* 1 3 1
2 -5 -3
& —-15 5
2 -5 -3
2 1 1§ 4 -3
1 2 -3 5 14
1 2 —:2) 1 4 -1 -5 2 -5 -2
1 2 =2
2 1
2 4 -4
-3 -1
-3 6 ]
B -4
5 10 -0
-14 7
-14 28 28

35 -30



Therefore,

(X =3)(2X + (X% +3X +1) = 2X* + X3 - 16X? + 4X — 3

(X8 +4X° = X*=5X3 + 2X2 = 3X = 2)/(X? + 2X —2) = X* + 2X3 = 3X? + 5X — 14, and the remainder
is (35X —30)

This method can be interpreted as one that involves carry-free addition, subtraction, multiplication,

and division.

Let's consider the recurring decimal. For example, for calculating 3/11, we have:

o, 2 7 2

11)30
2 2
g 0
F
3 0
2 2
g 0

which resultsin 3/11 = 0.27272727...
1

We can use the above to calculate algebraic equations. For example, if we calculate (x+Dix+3) ,
we obtain:

o, 0 1 -4 13 —40

-4 -3 0
-4 15 12
13 12 8]
13 52 35
=40 —35 ]
=40 -160 -120
121 120
and then
1 1 ! 13_40

(Jf+1}|(:ﬁf+3]l=p':2 Z 7

This result coincides with the Laurent expansion taught in undergraduate courses.

Here, even though we are not looking for the convergence of *, it converges for |x|

Further investigation may result in new applications.



The division method is changed and executed leftwards.

0 13 41
"% 81 27 9 3
- (1 L
Lo
14
416 4
9 9 3
213 4
9 9
13 52 13
27 27 9
3 40
27 27
_20_160_4
g1 81 27
40 121
81 81
1 1 4 13, 40
==X+ —=X—— X+

(x+D)(x+3) 3 9 27 82
It matches the results of the Taylor expansion taught at high school.

. , . X <1
Here, we are not looking for the region of convergence of X, but note that it converges for | |

The two calculations above resemble a expansion expansion that uses only addition, subtraction,
multiplication and division, without the derivative of the Taylor expansion and the complex integral
of the Laurent expansion.



Let ustry to generalizeit. Consider the simple rational function:
£(x) = aX"+a, X"+ rax+a,  A(X)
b,x"+b, X" +--+bx+b,  B(X)

Here, the numerator and denominator are predefined, with b, =0 and b, # 0.

The calculations so far considered X = 0, and generalization implies finding the expansion centered
on X=q« . Thisgeneralization istransformed into a division between the terms

!

(a,,a ,,~a)b,,b ., 0), andinthis caseit is sufficient to consider X=0.
£(x) = aX" Ay X" o aX+ay _ an(X-a)"+ap, (x—a)" +-+a (X—a) +

b,X"+b X" +--+bx+b, b (X—a)"+b_,(Xx—a)"" +--+b" (X—a) + b}
For M> N, itispossibleto perform the following transformation:
£(x) = ax"+a, X"+ +aX+a,

b, X" +b,_ X" +--+b,x+b,

_ %

b,

n

”n,n

ax"+al X"+ +a’ x+ay

Xm—n _+_a[r;7 71Xnkn—l+”_+_az an+l+
" " b, X" +b, ;X" +--+bx+h,

To verify the possibility of performing series expansion, it is sufficient to consider just the series
expansion of

"n

ax"+al X"+ +al x+ap
b,x"+b, X" +--+b, X+,

The proof for m=n issufficient.

For m<n, the equation can be reconstructed considering a,,8, ,,, &, =0, and the proof for

thecaseof M=n issufficient.

o)
Co="2
° b Cq
d,, =cb(@<i<n) “ w4 d ( ’ 7
Q) 5 dy dpy d;
a,; =a —d;(L<i<n) A -+ @y a; 0

As aresult of this calculation, we obtain:

A(X) =C,B(X) +a, X" +---+a,,X



A

G b, £, C
_ a _Cobl dy ey gy a ( b, oy
by dy, --- dny diy o aq
— a:I.bO _Zaobl i, ==+ @y 4 0
% dyy Gy dy  ay
dz'i =ch(d<i<n) 258 d g7 0
&y =ay;,, —d,;(1<i<n)
B, = _d2,n
Asaresult of this calculation, we obtain:
A(X) = (Cy + CX)B(X) + 8, X"+ + 3, X°
c £ £
a &l gy ] ( b
a d, d,; a
ay d; 4y 0
Grn Gynl dy  ay
a @2 d1 0O
G35 G301 d1 ay
s Q32 931 0

Continuing this calculation yields, for K >1.:

k+1
Tt X

n+k

AX) = (G + X+ +C X )B(X) + By X

generalizing X to complex numbers and considering that no X exists satisfying B(X) # 0, we

have:

A(X) ko Qe X"t a 11Xk+l
—— =Cy + X+ +C X +— —
B(X) B(x)

Consider the N solutionsthat satisfy B(x)=0 as A, 5, f,, ad



r=ming|.

I<i<n

A(X
If |X| <r, (x) is differentiable and can be expanded in a Taylor expansion, and an §Q§| < r)

B(x)
exists satisfying
(k-D) (k)
£(0=29 _ ()4 fOOx-t 1D yery T8
B(X) (k—1)! k!
Here, we attempt to prove that isequivaent to by mathematical induction:
AQ) _ &
f(O)=—==—=¢
=50 5 =%
@ _ ® —
f(l) (0) — A (O) B(O) A(O)B (O) _ aibo 2a0b1 =c

B(0)* by,

Therefore, isequivalent to for 1=0,1.
Supposethat  isequivalentto  for K=i.

) ! Xn+i+.“+ ] Xi+1
f(X) — A(X) — CO+01X+"+C| XI + a|+l,n a1+1,1
X) B(X)
n+i i \{+D
QX oG X
B(X)

B(
§ (4D (x) =

(c0+clx+~-+c,x‘+

11 (i+1)
Xi+1 ai+1,nx +"'+a1'+1,1
B(X)

li...+a oA \®
— (i +)! QX+ H B C(i+1) A, X" Ay,
B(X) B(X)

N1 (i+1)
fegxt G X e+,
B(x)

Therefore, we have:
fO90)  au
i+1! b0

This equation is equivalent to a division between algebraic equations. In other words, for K=1+1,

isequivaent to



Next, the calculation below is carried out rightwards.

o c_,
. ?_]1 E]) ﬂ':._ ﬂ':___.l s ﬂ':
di 1 a)

[ ]
0 e Qe 0
&y a1 2P 2o
0 4y, sy, 0
Ay i d_
0 3 af_;_:__ 0]

A(X) = cOB(x)+ai"‘1+ +ay,

A(x):( C‘1JB(X)+612“2+ =
X X2 X
Considering k >1, we have:

! !

A(X) = (co+i+ 4 S ]B(x)+a“”-”"1+---+M
X e

Xk+1—n k

R=max
I<i<n

B

If |><|>R,since B(x) # 0, we have:

a‘:wl,n—k—l Feeeg a|’<+1__k
A(X c c k+1-n Kk
ch(,)—i_;l—i_“—i_;lf—i_ X X
B(X) X X B(X)

A(X
If |X| > R, then % is a regular function that can be expanded into a Laurent expansion. In
X

addition, must coincide with the Laurent expansion.

1
Let X=—

If |X| < % A(ij/ B(i) is differentiable and can be expanded into a Taylor expansion. The



1

Taylor expansion of 1 B 1 coincides with the division 1 Bl — | leftwards.
X X X X

: : 1 oo .
Revertingusing X =— should coincide with the Laurent expansion.

Considering
' n 1 ! ! !
A(X) =X A(—j C_s €y =
X
1 ﬂ’: . nw ﬂ='.—'|. ﬂ':_-
B’ X = an —_— i 7t
(X) (X) Grg  wrr Qe 9
we calculate dy; - @0 0
' n-1 n .
A(X)_a,+-+a X" +aX d e dis dl
B(X) b, +--+b, X" +h X" ,
N dy | eee Gy, 0
to the leftward direction. =T
di _ I - L
a: al,.: 0

A(X)=cB/(X)+a X"+ +a,, X
A(X)=(cy+c, X)BI(X)+ay X"+ +ay, X

Considering k>1,
A(X)=(Ch+C/y X 4 XK BI(X )+ 8L, (X eeral o X

X ”A{%j = (c(’) +¢ X +--+C XK )X “B(%} +al, X" wval, X

A{%) = (C(') + C:]_X + - +Cik X k )B(%J + a.l’(+l._k X k et a1,<+1.n—k—1x k+1-n

: 1
Reverting Xzy,ltbecomes

' '
ak+l,—k a'k+1,n—k—l

et
A(X c c k k+1-n
L=C6+;l+"+;;+ X X
B(X) X X B(x)

which coincides with the Laurent expansion.



